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Preface

“Y¥xperiences in Mathematical Discovery” is a series of ten
self-contained units, cach of which is designed for use by students
of ninth-grade general mathematies. These booklets are the culmi-

. nation of work undertaken as part of the General Mathenaties
Writing Projecl of the National Council of Teachers of Mathematies

(NCTM).

The titles in the series arz as follows:

Unit 1:
Unit 2
Unit 3
Unit 4
Unit 5
Unit 6:
Unit 7:
Unit 8
Unit 9
Unit 10:

Fornudas, Graphs, and Pallerns

: Propertics of Operations with Numbers
: Mathemalical Sentences
: Geonielry

: Arrangements and Sclections

Mathematical Thinking

Rational Numbers

: Deeimals, Ratios, Percenls

: Positive and Negative Numbers

Mecasirement

This project is experimental. Teachers may use as many units
as suit their purposes. Authors are encouraged to develop similar
approaches to the topics treated here, and to other topics, since
the aim of the NCTM in making these units available is to stimu-
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PREFACE

late the development of special materials that ean be effectively
used with students of general mathematics,

Preliminary versions of the units were preduced by a wriling
team that met at the University of Oregon during the summer of
1063. The units were subsequently tried out in ninth-grade general
mathematices edasxes througheut the United States,

Ozcar F. Schaaf, of the University of Oregon, was dircctor of
the 1963 summer writing team thut produced the preliminary
materials. ‘The work of planning the content of the various units
was undertaken by Themas J. Hill, Oklahoma City Public Schools,
OKlahotaa City, Oklahoma; Paul 8. Jorgensen, Carleton College,
Northfield, Minnesota: Kenneth P. Kidd, University of Florida,
Gainesville, Florida; and Max Peters, George W. Wingate High
School, Brookive, New York.

The Advisory Committee for the General Mathematies Writing
Project was composed of Emil J. Berger (chairman), Saint Paul
Public Schools, Saint Paul, Minnesota; Irving Adler, North Ben-
nington, Vermont; Stanley J. Bezuszka, 8. J., Boston College,
Chestnut Hill, Massachusetts; Eugene P. Smith, Wayne State
University, Detroit, Michigan; and Max A. Sobel, Montclair State
College, Upper Montclair, New Jersey.

The following people participated in the writing of either the
preliminary or the revised versions of the var.ous units:

Ray W. Cleveland, University of Alberta, Calgary, Alberta

Donald H. Firl, Rochester Publie Schools, stochester, Minnesota

Carroll I, Fogal, University of Florida, Gainesville, Florida

Edward ¥. Gottlieb, Madison High School, Portland, Oregon

Kenneth P. Kidd, University of Florida, Gainesville, Florida

I>. Thomas King, Madison Public Schools, Madizon, Wisconsin

Ldna K. Lassar, Polytechnic Institute of Brooklyn, Brooklyn,
New York

John F. LeBlane, Racine Public Schools, Racine, Wisconsin

Sco.t . McFadden, Spencer Butte Junior High School, Eugene,
Orcegon

James M. Moser, University of Colorado, Boulder, Colorado

Max Petars, George W. Wingate High School, Brooklyn, New
York
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Leonard Simon, Bureau of Cwrriculum Rescarch, New York
Public Schools, New York, New York

Sister Rita Jean Tauer, Collegz of Saint Catherine, Saint Paul,
Minncsota

Irwin N. Sokol, Collinwood High School, Cleveland, Ohio

William H. Spragens, University of Louisville, Louisville, Ken-
tucky

Mary E. Stine, Fairfax County Schools, Fairfax, Virginia

Arthur J. Wiebe, Pacific College, Fresno, California

John K. Yarnelle, Hanover College, Hanover, Indiana

Grateful acknowledgment is hereby expressed to Muriel Lange

of Johnson High School, Saint Paul, Minnesota, for checking on
appropriateness of language and for working threugh all problems.

Finally a word of grateful thanks is extended to the NCTM

headquarters staff for their assistance, and in particular to Clare
Stidt and Gladys Majette for their careful attention to production
editing details.

L'min J. BErGER
Chairman, Advisory Committee

General Mathematies Writing Project
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Don aud Phil were walking
home from school one day
during the month of Novem-
ber. Don said, “I'm glad
winter is almost here. 1 think
winter is the best time of the
year.” To this I’hil replied,
“Oh no! I think summer is the
best time of the year.”" For the
rest of the way home Don
tried to convine Phil that
winfer is the best time of the
year, and Phil tried to con-
vinee Don that summer is.

1. Onc of the two boys in the

above story likes (o <ki and ice ckate.

The other is the sfar third baseman on an American Legion base-
bal} team. Which one is Phil and which one is Don?
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What is the “best” time of the year for a man who likes to play
golf; for a boy who is a Green Bay Packers’ fan; for a girl from
Minuesota who likes to swim?

What is the “worst’’ time of the year for a resident of Frirbanks,
Alaskas for an Ameriean ¢itizen who has {o pay income taxes;
for a department store saleselerk who gets paid by the hour;
for a mailman?

Sally and Maurcen were lidening to vecords one afternoon.

Sally said, “I think the Four Tunes are the greatest singing

group around.” “Really?” said Maurcen. “I think the Three

Wise Men are the mo=t. The Three Wize Men are really cute

and they have the neatest haircuts.”” ““That doesn’ mean a

thing,” replied Sally. “What matters is the message in their

songs, aud the Four Tunes really turn me on.”

a. Do you think Sally could convinee Maureen that the Four
Tunes are a better singing group thou the Three Wise Men?

b. Do you think Sally’s definition of “the greatest” and
Maurcen’s definition of “the most” are the same?

¢. What does Maureen mean by “eute”’? By “neatest”?

d. What does Sally mean by “the message’?

Ted was having an argument with
his sister Jo. Ted thought there
were six cubes in the picture at
the nmght, but Jo said there weve
seven. Who was right? Before you
answer, turn this page upside
down ard look at the picture
again.

Mr. Pratto and hiz son Marty were Yooking at cars in a used
car lot. “Now there is a good buy,” said Mr. Pratto looking at
a 1962 Dodge. “Gosh, Dad! How can you say such a thing?"
answered Marty. “Well,” said Mr. Pratto, “It is big and reomy
and should be coinfortable. H has power steering and power
brakes, and the six-cylinder engine should give good gas mileage.”
“Ugh!” was Marty's comment.



MATHEMATICAL THINKING 3

a. What kind of used car do you think Marty would consider

114

a “good buy''?

“E” Type loguar 1910 Berz Limausine

b. If you were a used car salesman, what kind of car would you
show a teenager; a newly married eouple with no children;
a traveling salesman; a retired railroad engineer?

«'»'ﬁ
!
i\,

'

Differences in points of view among people depend on the way
in which they have been raixed, how much money they have, their
ages, what part of the country they come from, and many other
things.

In the exereises above you were asked to give your reactions to
ecr{ain situat’ons while looking at them from soniconie else’s point
of view. Many of the questions asked did not have definite answers,
One reason for this i that the discussions eentered around wards
that could have different meanings for different people. 1f a dis-
enssdon ix to result in a definite conelusion, it ix necessary to agren
on the meanings of the words and symbols that are used.

Lipgiein "-'ma;aﬁ{im&miijia', :
PEs7dy Exobclsos—) o8
-

Rgc i L WPEXNPINME LI S

1. For eacl statement, tell at least one thing on which tvo people
would have to agree in order (o decide whether or not the state-
ment is {rue,

ERIC
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a. A test seore of 55 is low

k. John F. Kennedy was a good president.

<. Colorado is the pretticst state in the United States.
d. Driving faster than 60 miles per hour is dangerous.
e. Failure to vote in an clection is unpatriotic.

2. For cach excreise give at least one reason that might explain
why the people named have the opinions they do.
a. Mr. Simmons thinks Washington, ID.C., 1s the best place
in the United States in which to live.
Martha’s mother thinks hot catmeal makes a good breakfast,
Walter thinks social studies is the hardest subject in school.
d. Farmer Stein fecls that Holstein cows are the best kind of
cows to raise.

n o

e. Mr. Corey say= it ix more =cnsible to huy a new car every
year than to keep one car for several years.

f. Belinda claims long division is easy. Her sister, Bertha,
claims it is very hard.

g. Mr. Windom thinks it is smarter to travel to Europe by
airplanc than by boat. Mrs, Wirdom thinks the opposite.

h. Ronald’s teachker says Indians are the only true Americans.

3. There is a word or phrase ir cach statement in exercize 2 that
could lave different meanings for different people. [dentify
thix word or phrase. Then tell what this word eor phrase might
i i to the people involved.

In thix xection you saw that different people ean have different
points of view about certain things. In the scct. as that follow you
will sce how people use ideas from muthematies to form opinions.

ERIC
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52 A Game of Tennis

¥  EDRrTS recesTrrelacey

-+
13

fam and Steve were plaving tennis, bit neither sceined to be play-
ing very well. After a while Sam said “I wonder what is wrong?
AMaybe the ball we are using is no good.”’ Steve replied, “Why don't
we test it and find out? We can drop the hall from different heights
and sce haw high it bounces.” Luckily the boys were playirg on
a tennis court near their school. So Sam ran into the woodshop
and borrowed a measuriag tape. The results of the boys’ experiment
are shown below.

Experiment 1

e e Tt s

Distance Dropped 1[ 12 .[ 18 28 10 26 42
{Inches)
I Meight of Bouncs |« | s | s 1 16 1 12t 3
(Inches) 4 1 5 ] 10 II: 13
———e b b

“There does not secem to be any pattern in the results”’ said
Steve. “The ball must he defective.”

“Qur results don't prove a thing,” replied Sam. “Maybe all
tennis balls behave like the one we have. Let’s repeat the experi-
ment with another ball that we know ix good.” Steve dashed into
the coach’s office and borrowed a brand-new tennis ball. When
the boys repeated the experiment with the new ball, they got the
results below,

Experiment 2

e e el g e e | e
Distance Drepped ‘[
{Inchas) 12 18 4 0 38 42
" Height of Bounce I TR i T ——“1_ 1 a0
{Inches) ¢ % ' 1! 1 l i
LS 0 SRR SO SN AU SR

“See! I teld you s0,” shouted Steve. “The ball we were using is
no good.”
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Class Discussion

Do you think Steve’s conclusion
is a scnsible one?

What patter: do you think Steve
saw in the second experiment? Can
you state this as a rule?

Docs the rule you stated fit cach
triul in the second experiment?
If vot, why not?

4, Do the results in the first experi-
ment come close to fitting the rule
you stated? =

. 5. Can you think of another way to carry out an experiment to
see if the tennis ball the hoys were using is defective? What
difficultics might you run into if you tricd your method?

N

&

Sam and Steve condueted an experinient to arrive at a concluxion.
They recorded the results of their experiment in a table. Then they
exsnined the table for a mathematical relationship between the
pairs of numbers in the table. Steve felt thie relationship was so
noticcable that he could forin a rule abaut the pairs of numbers.
He thought the rule proved his huneh about the first tennis hall.

1. a. In the table below, the sccond number in each colummn is
two times the first number, Camplete the table.

First Number ] 2 3 5 8 — —
Second Number ? 4 [ 3 — — 20 30

b. Write a forimula that expresses the relutionship in the table.
Use f to represent the first number in each column, and s
to represent the secand numbc..

ERIC
T'u
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2, In the table below, the numbers represented by e ana b are

related by the formula b = 3a ~ 1. Complete the table.

2

3

5

15

b

2

5

17

%

3. A formula that relates the numbers represented by z and y is

y = %x + 3. Complete the tabla.

x

2

3

LY

1
3

4

&

1
‘7

14

4. The table below relates the length of the side of a square with
the area of the square. Complete the table.

Length of Side

2

3

4

10

Area of Squore

4

9

25

49

100

5, Let A represent the area of a square and let s represent the
side of a sguare. Write a formula that relates A with &,

6. Write a formula that expresses the relationship between the

numbers represented by x and y in the table below.

2

3

10

14

3

]

1

15

24

7. Write a formula that expresses the relationship between the
numbers represented by m and n in the table below.

1

]

)

10

1

3

15

19

8. Complete the following table, Your answers should fit a formula
that relates the given pairs of numbers. Can you tell what the

formula is?

x

1

12

Y

N

k2]

50

14



8 Eaperiences in Mathemaricol Discotory

ﬂeé Nothing to Wear

One day in late August, Moniea said to
her father, “Dad, since I am going into
junior high this fall, I think I should get
some new clothes. I really don't have a
thing to wear.”” Her father, Mr. Burkett,
thought to himself, “Where have I heard
this before?”’” But he answered patiently,
“Monica, I am a carpenter, and I spend a
lot of time figuring out different ways to
make things. While you’ve been talking,

' I’ve been figuring out how many different
ouifits you have to wear. Not even count-
ir.z your dresses, 1 figure that with your
five different skirts and six different
sweaters you can come up with thirty dif-
ferent outfits. So how can you say that you
don’t have a thing to wear?”’

Class Discussion 3

1. Suppose Monica had four different skirts and seven different
swealers. How many different ouffits could she wear?

2. From the practical point of view, what is wrong with Mi.
Burkett's reasoning? What word probably has a different mean-
ing for Monica than it does for Mr. Burkett?

3. Suppose Monica is an “oddball” about clothing and doesn't
care whether or not colors clash. How many outfits would she
have if she had three skirts and four sweaters?

4, If an oulfit consists of a skirt, a blouse, and a sweater, how
many different outfits could Moniea wear if «he had three
different  skirts, eight different Dblouses, and two different

O
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sweaters? If she had four different skirts, seven different blouses,
and five different sweaters?

5. Suppose Monica is not an “oddball” and does care whether or
not skirts and sweaters match. Describe a method of figuring
out how many different outfits she could wear that are har-
monious in color. Try to invent a method that is better than
just counting.

Mr. Burkett used a special method of counting to find the num-
ber of combinations of skirts and sweaters that Monica can wear.
However, his definition of “outfit” is probably not the same as
Monica’s. Therefore, he came to a conclusion that is not practical
as far as Monica is concerned. Mathematics is useful only when it
is supported by clear thinking.

T e
orE: Exerclues—3 ¢

¥
Bl Y g Y
E LA om0 2 SR

1. Suppose again that Monica really is an “oudball” about cloth-
ing, Complete the table by giving the number of outfits she
can wear.

—— -
Number of Number of Tota! Number of
Skirts Sweeters Outfins
TR T T T T e

s Ty -
3 T a - - h
‘ N =

2. Tin has three suits and five ties in his wardrobe. Let F repve-
sent the first suit, S the second, and T the third. Also, et each
of the numerals 1, 2, 3, 4, and 5 represent one of the five ties.
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By listing first a suit and then a tie, indicate all suit-and-tie
combinations. (For example, let S-3 represent the combination
made up of the second suit and the third tie.)

. How many different suit-and-tie combinations did you obtain

in exercise 2? Could you have found this answer without
actually counting all combinations?

Mr. Niclsen is planning a business trip from Denver to New
York with a stopover in Chicago. He can go from Denver to
Chicago on any oune of four different flights and from Chicago
to New York on any one of three different flights. In how many
different ways can Mr. Nielsen make the trip from Denver to
New York?

Suppose Mr. Nielsen had business in Boston. He can get from
New York to Boston on either of two differeat trains. In how
many different ways can Mr. Niclsen make t'2 trip from
Denver to Boston?

A battery on a baseball team con-
sists of a pitcher and a eatcher.
If a team has six pitchers and two
catchers, in how many different
ways can a battery be chosen?

The letters A and B can be writ-
ten in two differeat orders, AB
and BA. The letters A, B, and C
can be written in six different
orders. ABC and CAB are two of
the six different orders. Write
down the four other possible
orders.

In how many different orders can the four letters, /A, B, €,
and D be wrilten? (Hint : Consider all possible orders with A as
the first letter. Then consider all possible orders with B as the
first letter, and so on.)

The information in exercise 7 and the answer to exercise § are
recorded in the table at the top of the next page.
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Number of Different Number of Different
Letiers Orders
i 1
2 2
3 6
Bl 4 24
5 —_

a. Did you get 24 for your answer to exercise 8?

b. Complete the table for five different let{ers.
Do not try to get the answer by wriling
down all possible orders of five letters.
There are over 100 of them! Instead, ex-
amine the table to find a pattern, and then
use the pattern.

10. If a coin is {ossed in the air, there are two pos-
sible results. The coin can land “heads’ or
“tails.” Ordinarily we use ff to represent
“heads” and T to represent “tails.” If the
coin is lossed twice, there are four possible
results. One of these can be represented by
TH, which stands for *“tails’” on the first toss
and “heads” on the second toss. _

a. List the four pessible results if a coin is
toszed two times.

b. List all possible results if a coin is tossed
three times. (Hint: One of the possibilities
is HTT, which stands for “heads” on the
fiist toss, “tails’” on the sccond foss, and
tails’ on the third tosx.)

If a coin is tossed four times, one possible
result is THIT, What docs THHI T stand
for? List all possible results that can be ob-
tained by tossing a eoin four times.

~n

ERIC
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d. Summarize the results you have obtained thus far by com-
plefing the table below.

Number of Tosses Number of Pnssible
of a Coin Resul.s
1 2
] 4
3 —_
4 p—

e. Try stating a rule that relates the number of (osses of a
coin with the number of possible results. Use the rule you
stated to find the number of results that are possible if you
tass a coin five times; six times,

The Snowflake

One winter morning Marlene and Mary Kay were chatting while
waiting for the school bus. “The snow that is falling makes every-
thing look beautiful,” said Mary Kay. “A single snowflake is very
beautiful. Did you ever sce one up close?”’ She held out her blue
milten to eateh one.

L
k'/_‘f\\__"
\'%:?f\’@‘
(‘(Z@tﬁ:

f‘V

RE

“It is pretty,” said Marlene as she inspeeted the snowflake
closcly.

“That's because it is symmetrical,” replied Mary Kay. Just
then the bux came and they got on.

i “What do you mean by synmetrieal?” asked Marlene.

ERIC
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MATHEMATICAL THINKING ] 3

Mary Kay replied that any flat objeet is symmetrical if a drawing
of it can be folded along a line so that the part on cne side of the
line just fits over the part on the other side.

Coroway leat

Is this picture synunetrieal with respect to line?

Cluss Discussion [‘4.

1. Do you think the figure at the right is
symmetrical?
; a. Muake a tracing of the figure and fold
! the tracing along a line.
b. Along what line did you fold ihe
tracing to determine whether or not
the given figure is symmetrical?
2. If a figure i« synunetrical with respeet to a line, we refer to the

line as a line of symwmelry.
i a. How many different lines of symmetry does a square have?

ERIC 20

Aruitoxt provided by Eic:
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b. Make a copy of the square at the
right and sketch the iines of sym-
metry.

3. a. How many lines of symmetry does a
rectangle have?
b. Make a copy of the rectangle at the
vight and sketch the lines of sym-
metry.

. How many lines of symmetry does an
equilateral triangle have?
b. Make a copy of the equilateral tri-

angle at the right and sketch the lines
of symmetry.

5. How many lines of symmetry does a STOP
highway stop sign have if the word
“STOP” is ignored?

6. How many lines of symmetry do you
think a cirele has?

E-3
o

7. Mary Kay's sister has a pinwheel like
the one shcwn at the right.

Does it appear to be symmetrical in

some way?

b. Does it have any lines of symmetry?

c. Can you think of a way (o describe
this kind of symmetry?

a

.

{ Summary—4 .

Mary Kay used the language of mathematirs to describe the
heauty of an object of nature, the snowflake. In the sections that
follow you will sece many ways ju which mathematies can help you
think and speak elearly about things you see around you every day.

ERIC
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i
Exercises—4 3

1. Boh and Otto, two high school musicians, wanted te form a
musicial eombho. Choosing a name for the combo presented a
problem. Mr. Henry, the mathematics teacher, suggested that
they choose the name “The Symmetries.” When the boys asked
why, Mr. Henry explained, “Beeause the capital letters used to
print your names are synunetrical.”

a. Print the names BOB and OTTO on a sheet of paper. Use
capital letters.

b. Draw a line of symmetry for cach name.

<. For which name is the line of symmetry vertical? For which
name isx the line of s;:nmetry horizontal?

N

Bob thought Mr. Henry's idea was a good one. “Let’s include

Fd in the group,”” said Bab, Hix name is symmetrical tao.”

Show that the nume Fd printed in capital letters is symmetrieal.

3. a. Print all cupital letters of the alphabet that have a line of
symmetry.

h. Some capital letters have more than one line of symmetry.
List thew. I s one such letter.

Print oll digits that have a line of svinmetry. Does any digit

have more than one dine of symmetry? Draw the lines of sym-

nielry in each ease.

2.’
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. Otto said, “Iet’s include Anna in our combo. She is a good

singer, and besides, her name is symunelrieal, 100.”

“Oh, no, il isn’t,” said NMr. Henry. “Print
ANNA and draw a vertical line hetween the '
two N’s. Do you sce that the A’s are sym- ANENA
metrical with respect to the vertical line, hut '
the N's arc not?"”

“Now I do,” said Otto, “but the letter N
has sonie sort of symmeliry of its own, doesn’t
it?"”

“Yes, it has what is known as point symme- P\
try. If you locate a point on theletter N as shown :
at the right, the parts on the two sides of the
poini have the same shape. But you can't get
one parl on top of the other by folding along a
linc. You have to imagine lurning one part
round and round to get it to fit on the other
part.” Q\

“‘Say, I can think of a couple of other letters LA
{hat have point symmetry,” said Otlo.

o. Print all capital lelters that have point symmetry. You
know that N is one such letter. So is 8,
b. Locate the point of symmectry for cach letter you printed.

PO

6. Print all digits that have point symmetry.

. “Some figures that have line symmetry alsa have point sym-

metry,” said Mr, Henry. “The eapital letter H ix one example;
X is ancther.” Print other ecapital letters that have both line
symmetry and point symmetry.

. Which of the figures displayed in the exercizes of Class Dis-

cussion 4 have point syimetry?

. Which of the figures shown on the opposite page have point

symmetry? Which ones have line svimmetry? Whicl have bothy?
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‘5 Is Seeing Really Belicving?

Ev ry day we receive thousands of hits and pieces of information.
These come to us through our five senses—sight, hearing, smell,
taste, and touch. Our minds sort the information we receive nd try
to make sense of it all. If we make good use of our senses and think
clearly, the conclusions we form will be useful.

Cluss Discussion 5

Beeause seeing is perhaps the aost used way of getting informa-
tion, let us begin by checking now well we make observations.
Unfortunately, we do not always sce what we think we see.

1. Look at the diagram below. Which segment below is in the
game line as the segment above?

abe¢

2. In cach exercise, lonk at the figure and decide which segment
i longer, )2 or ¢']).
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4 B
-

D

C
B

(

3. Arc the long lines parallel in the figure below?

BC




2 O Experiences in Mathenatical Diseorery

4, Are the sides of the triangle bent or straight?

If you cheeked your guesses Ty using n «traightedge or a raler,
you probabiy found out that things ave not alwavs what they “look™
like. The above exercizes were sot includea to discoarage you from

ERIC
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believing your eyes, but rather to encourage you to check the cor-
rectness of your obscrvations. After all, if the observations you
make are incorrect, then even the clearest thinking can lead to
false conclusions.

=
>

6: Forming o Generalization—Inductive Thinking

a7 -on. ]

To arrive at useful conclusions, it is important to know how to
form a generalization. How does one do this? Here is a pattern of
thinking that will help you. Begin by obxerviog specifie eases related
{o the same idea. By obscerving these speeifie cases, hopefully a
rule that seems true for all cases will suggest itself to you. If not,
you should “play a hunch” and guess a rule. Such a rule ix called a
gencralization. Finally, check to see if the rule you guessed doces
scem to be true for all cases. This pattern of thinking is called
induetive thinking.

v -

Cless Discussion 6

1. o. The left-hand column of the table below contains a list of
counting numbers. If you add the digits of a number in the
Ieft-hand columnyou get the number in the right-hand column.
For example, 9 + 8 = 17. Copy and complete the table.

Sum of Digits of
Number the Number
g8 17
228 14
140 ]
158 13
100
1206
481
3915

28
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Circle each number in the left-hand column that is divisible
by 9. (A counting number is divisible by 9 if the quotient
obtained when you divide by 9 is another counting number
and there is no remainder.)

. Cheek the “Sum of Digits” column in the table and circle

cach sum that is divisible by 9.

. Look for a relationship between the numbers in the table

that are divisible by 9 aud the sums of digits that are divisible
by 8.

State a rule that relates counting numbers that are divisible
by 9 and the sums of the digits of these numbers,

What is a foalproof way of obtaining counting numhers that
are divisible by 9?

. Now cheek to sce if the rule you stated in exercise 1e seems

ta hold for all counting numbei <, Make two tables with the
same headings ax . ~ table above. In the first table, list
six counting numbers . aat you know are divisible by 9. Dot
pick small numbers. but get ome in the hundred< and thou-
sand=. Then find the sums of the digits of these numbers.

In the second table, 1ist «ix counting numbers that you know
for xure are not divisible by % Find the sums of the digits
of these numbers. If the rule you stated in exercize le ix a
zoad one, it will hold without exeeption for the results in
the two tables you just made.

thiz exercize you are asked to find a rule for getting the sum
the first 2 odd counting numbers.

first n Odd Counting Numbers ‘ n Sum

. | B
1,3 2 l 4
1,35 3 0.
1,357 « o
1,3,57.9 s |
1,2,57291 s

1,35 7811 ‘ ?
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a. Copy the table.

In the table, »# stands for the number of consecutive odd

counting numbers that are added. The list in each row begins

with 1. Complete the table.

¢, Try to state a rule for finding the sum of the first 1 odd
counting numbers by examining the velationship between the
numbers in the “a2” column and the entries in the “Sum”
columa.

d. Check the rule you stated for n == 8, 9, 10, 11.

e. Do you think your rule will hold for any number #n?

f. Do you think these few cases prore that your rule will work
for every number n?

-

3. This exercise deals with an interesting pattern that exists among
certain counting numbers called triangular numbers. A counting
number is a triangular number if it is the number of a set of
dots that can be put in a tnangular array as shown below. The
diazram shows the first few triangular numbers.

Triangular Array . . e N
of Dots . .. e reus avure
Triangular Numbers 1 3 é 10 15

a. What are the next two triangular numbers after 157
b. Continue the pattern started below.

1=1

=142
6=14243
W=1+24+347
15 =17

? =7

77

<. Do your answers to exercize 3a fit the pattern started in
exereize 3b?

30
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d. Which numbers in the list below are triangular numbers?

56, 66, 84, 91, 100, 102, 103, 120

This is a continuation of exercise 3. You are asked to find a

formula for the sum of the first # counting numbers, In exercise
2 you had to think only about the sum of the first n odd counting
numbers. Here you are asked to consider all of the first % counting
numbers.
a. Copy and complete the table helow. How does this table

differ from the one in exercize 27

First n Counting Numbers ] n Sum
1 ] 1
1,12 2 3
)23 3 [
b 234 4 10
1,23 45 5 15
1,273,456 ¢
1,2, 3, 4,5 6,7 7
1,23 4,5, 8 7, 8 8
1,2 3,4,5,8 7,8 9 9

b. Double cach number in the “Sum’ eolummn. Put the nwnber

you get in a new column at the right of the table and label
the colunmin "“Double of Sum.”

¢. Make another column and label it “Product.” Find a way to

write each number in the “Double of Sum” column as
product of two cansecutive counting numbers. For example,
30 = 5 ¥ 6, and 5 and 6 are consceutive counting numbers,
4
d. How arc the two numbers of cach “Product” pair related to
i
the number »n in the same row?
Isn X (n 4+ 1) equal to the “Double of Sum” in each row?
{
Write a formula for the “Double of Sum” in cach row.
Now write a formula for the “Sum” in caeh row,
Check the formula you just wrote to sec if it Lolds for each
“Sum’”’ in the (able.

7o
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i. Check to see if the formula you wrote holds for n = 10.
(Add the first ten counting numbers to sce if you get the
same results as you do by using the formula.)

Kotl Govss

5. This excrcise ix closely related to exercise 4. In faet, you are
again asked to find a formula for the sum of the first 1 counting
numbers, hut in a different way. The questions and discussion
are intended to help you see haw Karl Gauss, a famous mathe-
nmatician, discovered ¢ method of finding the sum of the first »
counting munbers. Lei’s sce if you ecan follow his method. (He
discovered 1t while he was till in grade school.)

o. Find the sum of the first six counting nunthers.
1+243L+404+04+06=7
Check your result by adding “backwards.”
A5+ 1+34+241=7

id you get the same sum in hoili cases?

O
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Now get the sum of the first six counting numbers twice,
once by adding “frentwards” and once by adding “back-
wards.”

A+24+3+4+54+6)+06+5+4+3+2+1)="7

Is the result twice as large as the sum of the first six counting
numbers? If you have a number that is twice as large as you
want, how can you get the number you want?

In the first line below the indicated sum is written *‘front-
wards.” In the second line it is written “backwards.” The
sum of the numbers in each line is represented hy S.

S
IS‘

1+24+3+445+6.
6+54-4++3-+241.

i

Look at the pairs of numbers that arc lined up vertieally.
What is the sum of each pair? Ave all these suns the sae?
How many vertieal pairs are there? What is the produet of
the nwmber of pairs times the sum of cach peir? Is this product
equal to fwice the sum of the first six counting numbers?
What is the sum of the first ¢ix counting numbers?

. Use the same scheme to find the sum of the first cight counting

numbers. Begin by writing the indicated sum “frontwardx”
and “backwards.”

F+2438 -44+454+647+ 8.
S=84+T74+04+54+4+34241.

What is the sum of each vertical pair? How many vertical

paits are there? What is the product of the number of pairs

times the sum of each pair? Is this produet equal to {wice the

sum of the lirst cight counting numbers? What is the sum of
the first cight connting nuimbers?

Iq

I

. Use the scheme you have been using to find the xum of the

first nine counting number<. Write:
S=1424+34145406+47F840,
S=0+8+T+64+34 4424241,

i



-
MATHEYVATEAL iR S l) //

What is the sum of each vertical pair? How many vertical
paivs are there? What is the product of the numbor of pairs
times the ~un of each pair? How is this preduct related to the
sum of the first nine counting numbers? What is the sum of
the first nine counting numbers?
f. Is there a pattern in the scheme you have Feen using? When
you wanted to find the sum of the first six counting numbers,
how many vertical pairs were there? How many vertieal pairs
were there for the first eight counting numbers? If you wanted
to find the sum of the first eleven counling numbers, b
many vertical pairs would there be? How many vertical p -
wvould there he for the first fourteen counting numbers;
first nineteen counting numbers; the first twenty-five o
numbers; the first n counting nuubers?
Conecentrate on the sum of cach vertical pair. When o
worked with the first six counting numbers, what wi< 11
sum of cach vertieal pair? What was the sum of each verr
pair when you worked with the first eight counting nun 1.9
What was the sum of each vertical pair when you wo -
with the fir<t nine counting numbers; the first eleven comt.
numbers; the first fourteen: the first nineteen; the first (w0
five; the first »?

-]

= o

In the three examples vou worked, was the prodact 0
mrtmber of pairs times the sum of each pair always twiee
lavge us the required sum?

i. Try writing a formula for the ~aim of the brst w ot
numbers. Use S to represend the sum. I you cammot wi.
such a formula but can explain in words how to find (1n <oin
that’s geod enough.

i I yowwere able to write a formula, using S to represent fne

sum and i to represent any nwmber you want, then vout

done very well und shoudd he congratalated. Daes vour @l

cither as a formula, or in words, agree with the answor v

got in excreise 4 above? Are van convineed that you, ule

can be used to End the s of the fivst v conoting numlors,
ne matter what numiber n orepresents? Whirh method of

ERIC
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k.

finding the rule was casier, the methad of exercise 4 or the
method developed in exereises 5a through 517

Use the rule you have diseovered to find the sum of the first
eleven counting numbers; the first fourteen; the first nineteen;
the first twenty-five; the first one hundred. Trust the rule,
rather than adding all numbers each time.

&

A famous mathematician named
Goldhach made this conjecture
(guess): Every eren number areates
than 4 is the sum of tweo odd prime
numbers. Goldbach knew that his
guess wax true for a great many
numbers, but he rould not prove
it for all caxes. In fact, no mathe-
matician has ever been able to
prave Goldbach’s guess either true
or false. So, to this day, it remain=
as ‘"Goldbach’s Conjecture.”

Goldbach: "Even — prime + prime?”

a. A prime number is a counting number that is greater than 1
and is divisible only by itself and 1. Continue the list below
until you have listed all prime numbers less than 100,

2,3,5.7, H, 13,
The examnples below <how that Goldbach’s Conjecture is true
for the first few even numbers,

=T

6=3+ 3.
§ =544,
10 = 5+ 5.
12 =5+ 7.

17, -

=747
=34 11
16 = 11 4 5.
16 == 3 4+ 13.

[

ERIC
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The sccond column ~hows that there may be more than one
way of expressing an even munber as the sum of two add
prime numbers. Goldinach says there i< af least ane wray of
doing i1, Express every even counting number les< than 100
ax the stn of two odd prime numbers,

Did yon find other even numters that can he expressed as
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the sum of two odd prime numbers in two different. ways?
List those you found.

d. Are there even numbers that ean be expressed as the su.a of
two odd prime numbers in three different way=? If so, give
one example.

Summary—b

One way of arriving ai a generalization is hy the method of
inductive thinking. The method involves thix pattern. First you
obzerve specific casex related to xome idea. Next you ook for a
rule that will fit all cases. Ther vou cheek the vule in eaxes that are
similar 1o the first ones you looked at to sce if the rule also fits
these cazes. Generalizations formed in this way are not always true,
but they are true rather frequently.,

Exercises—6

The first step in inductive thinking s making observations of
specific casex. Too often 1his sunply means “looking at” specifie
cases. You already know that we do not always sce what we think
we seel

Obzervations can be sharpened by eounting, measuring, or doing
experiments, Experimenix may involve counting, measaring, ov
hoth. Recall the experiments earried out hy Sam and Neve {xce
page 5). On the hasis of the measurements they made in their
experiments they arvived at this generalization: *“The tennis hall
we were using is no good.”

To do the exercises that follow you will need a ruler and a
protractor.

1. This excreise involves getting o 1ale that can be u<ed to find
the nnmber of lines of symmetry of any regelar polygon, 1f you
have forgotten what i< meant by “line of sy ety oo pages
12-17.

34



a. Six regular polygons are shown above. A regular polygon
with three sides is ealled an equilateral triangle. An equi-
lateral triangle has three lines of symmetry, Complete the
table below for the other polygons shown above.

T v 1 [

| ]
Number of Sides of ! ; | : | |
the Regular Felygon 3 4 : 5 4 1 7 8 . n .12

| , .
. |

o

Number of Lines ef 3 | ; : i : ! H
Symmetry [ , ! ! i ! i !
- - 1} I

- l | . i i. H -

T

Complete the entries in the table for regular polygons with 9
sides; 10 sides: 11 sides: 12 sides.

¢. Is there a pattern in the completed table? Does the pattern
suggext a rule for finding the number of lines of syvmmetry if
yeu know the number of sides? If 5o, state the rule. Use .V
to represent the number of sides and S to represent the num-
ber of lines of symnetry.,

Did you get your answers for polygons with an even number
of sides differently than your answers for polygons with an
odd number of sides?

e. Are vou coavineed that your rule will work for any regular
palygon? Why, or why not?

&~

2. The object of this exeveise iz to ind o rule for computing the
number of dizgonals of 2 polygon if you know the number of

ERIC
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sides. The polygon need not bhe regular. A disgonal is a line
segment joining two vertices that are not endpoints of the same
side.

\ R N
s
: f
a. Complete the table.
[ 7 e e e e ey e - .
'{ Number of $ides of the Polygen i 3 4 ' 5 ‘I 6 I 7 8
. - < - . 1. Dl ; -
‘l Number of Diagonals ; 0 2 l [ ! ; ]
SO USSP SO SN (SRS U |

b. Is there a pattern in the completed table? Try to deseribe
the patiern.

<. Does the pattern suggest a relationship between the nuniber
of sides of a polygon and the number of diagonals of the poly-
gon?

d. Give a farmula for the number of diagonals of a polygon in
terms of the number of sides. (This iz not casy!)

e. Arc you convinced that the formula you gave can be used to
compute the number of diagonals of any polygon? Why, or
why not?

An angle consists of twa rays that have a common endpaint but
are not in the came line. The common endpoint of the rays is called
the rertex of the angle. The ravs are called the stdes of the angle.

An angle may be named in various way=, One X
way is to use three letters and to write the letter
that labels the vertex hetween the other (wo.
Using thisx scheme, the angle pictured at the !
right can be named either “angle XY op Vertex
“angle Y XL

45
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3. Angles AED and DEF have these properties: D
(1) They have a common vertex.
(2) They have a commeon side. .
(3) The other two sides form a straight line. 4 £ F

Two angles like AED and DEF are called a

linear pair of ungles,

a. Measure angles AED and DEF with a
protracior, LW

b. ¥ind the sum of the measures of angles
AED and DEF. L

¢. Areangles XYH and ZYW a linear pair X Y Z
of angles? Find the sum of the measures
of the two angles.

d. Name four linear pairs of angles in the
figure at the right, Find the sum of {he
measurex of each pair.

e. Do your results suggest that the ~um of
the mneaxures of a Jinear pair of angles is
the same for all such pairs of angles?

Draw five or more triangles that have different shapes.
Measure the three angles of cach triangle with a protractor,
. Fiud the sum of the measure- of the angles of each triaugle.
. Do your results suggest that the sum of the measures of the
three angles of all triangles is the same?

e. Without measuring the angles of trinngle ABC, guess what
you think the sum of the measures is. Now measure the
angles and find the sum of the measures.

o n o0

B,

A —>
O
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5. Consider a triangle that has two sides that are the same fength.
Such « triangle ix called an isosceles triangle.

. Adraftsman uses a plastic triangle with
angles that have measures of 30°, 60°,
and 90°. A triangle like this is often
called a “30°-G0°-90° right triangle.”’
Any angle that hax a measure of 40° is
called a right angle, and « triangle with
a right angle is called a right triangle.
The side opposite the right angle in a

Draw at least five isosceles triangles that have different
shapes. Remerber that two sides i each triangle musi have
the same length. The angle formed hy the two sides that have
the same length ix called the vertex angle of the isosceles
triangle.

. In each triangle, measure the two angles that arve opposite

the two sdes that have the same length, These two angles
are called the base angles of the isosecles triangle.

. How do vou think the measures of the twa base angles of

an isosceles triangle are related? 30°

a. Use a protractor to draw five 30°-60°-00° right triangles.
Make cach triangle a different size.
b. Copy and complete the tahle below by meaxuring the sides
whose lengths are ealled for in the table, If possible, use a
30°.60°-90° Langth cf the Side Length of the
Right frianglas Opposite the 30° Angle Mypotenyse
i
n
"
v
v

40
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If you are given the length of the side

of

ruler with a metrie scale. Record measureiments to the nearest
millimeter.

Is there a relationship between the length of the hypotenuse
and the length of the «ide opposite the 30° angle? Express
this relationship in- words.

Do you think the relationship you expressed is true for all
30°-60°-00° right triangles?

Without wsing a ruler, give the length of the hypolenuse of
a 30°-60°-90° right triangle if the length of the side opposite
the 307 angle is 60 millimeters; 5 inches; 31 feet; 101
millimeters; 19 yards; 111 meters.

Without using a ruler, give the length of the side opposife
the 30° angle in a 30°-60°-00° right triangle if the length of
the hypotenuse is 52 centimeters; 4 inches; 14 feet ; 13 meters;
3 feet, 8 inches,

I (&

a square, how would you go ahoul

extimating the length of a diagoral of

the square? Let’s (ry to find out. Die-

tured at the right is square ABCD with

diagonal BD. Notiee that the squarc

and the diagonal form two isosceles A N2
triangles.

a. Is cach isosceles triangle also a right triangle? What are the

o

-

measures of the base angles of each ixoscelex right trinngle?
{(Try to an=wer this question without measuring.) Is dingonal
BD of the square the hypotenuse of cach izoxceles right tri-
angle? Do the two izosceles vight triangles have the same shape
and size? To find the length of the diagonal of « =quare when
the length of a side 3= given, vou need 1o look at only one
of the izosceles right triangles.

Draw five different sqmares, No two should be the same size.
Choose a0 whole number of units (for example 3 inches, 3
inches, 4 millimeters) for (he Tength of o <ide in each, Label
the squares [, 1L, 11, IV, and V',
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¢. Copy the table below and record the length of a side for

each square.
Square Length of o Side Length of a Length of o Diagonal
Diagonal length of a Side
]
I
f
v
v

d. Measure the length of a diagonal in cach square using the
same unit that you used te measure the side. Record the
measwrements in the {able.

e. For cach square, divide the lfength of a diagonal hy the length
of a side. Find the quotient to the nearest thousandth. Recard
your results in the table,

f. The five gquotients that vou got chould all be appreximately
equal to the same number. To get the best estimate of what
thix number should be, find the average of the five quofients,
Compare the average you get with that of your dlassmates.

g. ‘Take the average you got and multiply it by itself. Round
off the produet to the neavest hundredth. Is your answer
close to some whole number? BASEBALL DIAMOND

h. Explain how to estimate the g‘
length of a diagonal of 1 square
when you are given the length ,,"
of a side. Coveten O e

i Lstimate  the  distance from Prcher’s Woung s
home plate to =ceand base on
a baseball dinmond. (The dis- ™ ,
tanee frem home plate to Airst ”?—'3]',
hise 1= 90 feet.) hY

-
v
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8. a. Draw a cirele on a =heet of paper. 4

du

k. Choose two different points on 0 e

~

the cirele and label them A ’ .
and B. /" oo
Connect A and B with a segment. -
A segment with its endpoints L i3
on a cirele is called a chord. N S
Into how many scparate sub- e
regions dees chord A1 divide

the interior of the cirele?

e. Seleet a thivd point en the eirele and label it €,

¥

P
.

Draw chords A€ and BC,

Intn how many separate subregions do chords A B, AC, and
BC divide the interior of the circle? (In counting subregions
do not ecount any part more than once.)

Seleet a fourth point aud label it D.

Draw chords AD, BD, and CD,

Into how many =eparate subregions is the interior of the
eircle divided now?

Copy and complete the table below usdng the wnswers you
gave in excreizes 8d, Sg, and 8j.

Number of Points Number of Separcte Subregions
on the Circle in the Interior of the Circle
2
3
4

Make a guess as to the number of separale subregions you
would gel if you drew choards connecting five points on
the eircle. Check your guess by selecting five points, drawing
the required chords, and counting the subregions you get.

Do oyour resalts seenn to follow a pattern? Do vou =ce a

relationship between the number of points and the nunher of
subregions? 16 ~o, state o rale that expresses this relation=hip.
Do v think vour rule is towe for any munber of points on
the cirele?
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Use your rule to find the number of subregions there would
be if you seleeted six points on the cirele.

Check your answer to the last exercise by drawing the re-
quired connecling chords and counting subregions. Was
your answer to the last exercise correet?

If you completed excreises 8a through 8o you =hould have
discovered one of the pitfalls of inductive thinking. What
is thix pitfall? What can you do to aveid it?

9. This exercise ix a real challenge. If you don't sce the pattern,
don't feel dixcouraged.

o

®

f.

Draw a large cirele on a sheet of paper. Choose points A and
B on the cirele and connect them by drawing chord A B. Into
how many subregions does AB divide the interior of the
cirele? (Caution: If your answer isn’t “two,” stop here.)
Draw a =econd chord CD, that interseets chord AB at some
point inside the cirele. How many subregions are there now?
If you are wondering what’s so hard about this problem,
consider this: Draw a third chord, £F, that interseets cach
of the chords already drawn at points where there are no other
intersections. Count the subregions as before.

At this point, before you draw any more chords or do any
more counting of subregions, guess the number of sub-
regions that would he formed by four intersecting chords:
by five.

Draw a fourth chord, GH, that intersects each of chords A B,
CD, and EI inside the circle at points where there are no
other intersections. Count the number of subregions that
are formed. Does your count agree with the guess you made?
Copy and complete the table below,

Number of Chords Number of Subregions ]

» ““’““1 I 2 T !

| ey ST, 1
i : l
‘ 5

= |
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g. Guess the number of subregions for six chards. Cheek your
guess vy muking a drawing. Is your guess correet?

h. Write a formula that fits all eases examined thus far. Your
formula should give you the number of subregions S in terms

of the number of chords (.

7  Thinking by Anology

BTN SAITDTS W Rl T D sl TR T

Mr. Wilson, the basketball coach of
Canyon High Sehool, was talking to his
assistant coach, Mr. Zientek. Mr. Wilson
said, “I think Willie Gray will be o good
baskethall player.”

“Why do you {hink =0?") asked Mr.
Zientek, “You've never scen him play!t”

“Well,” said the coach, “Willic ix 6
feet 4 inches toll and is a gond foothall
plaver. Ron Davis, who ix also G feet 4
inches (all, is hoth a good football player
and a good haskethall player. Thevefore,
I think Willie will e a good haskethall
player, too.”

The kind of thinking Mr. Wilson did i< ealled thinking by analogy.
A person is said to think by anatogy if his thinking follows this
pattern. He ohzerves that two persons or things are alike in one or
more way=. On the basis of thisinformmation e conchudes that maybe
the two personx or things are alike in other ways.
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2. Suppo=e Willic Gray turns out to be «

3. Look again at exercize 1 on pages 21 -22.

FATHER LTLCAL THINKIND % ())

Cloes Dhisesion 7

1. Do vou think Coach Wilson's hunch
about Willie’s ability to play basketball
is reasonable? How could Coach Wilson
cheek his huneh?

-

good basketball player, and a good
chess player besdes. If you think by
analogy, what would you conelude about
Roa” Why is it more seusible to think
by analogy in exercise 1 than in this
exercise?

a. If you completed this exercize you
should have dizcovered the following
rule for testing divisibility by 0 A
counting number ix divisible by 9 if
and only if the sum of its digits is
divisible by 9,

b. Now look for a rule to test divisibility by 3. This rule zhould
be similar to the one for testing divisibility by 9. First of all,
the new rule is concerned with divisibility, Secondly, it deals
with the number 3, which ix o factor of 9. Sale a rule for
testing divisibility by 3.

¢. Cheek the rule you just stated. Listed helow arve five numbors
that are divizible by 3.

1212, 87, 192, 2316

Doces your rule provide you with o test?
d. Listed below are five numbers that are not divisible hy 3.
Sece il vour nle serves as a test,

17. 58, 683, 788, 10572
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e. If the rule you stated for testing divisibility by 3 is ecrrect,
it should work with the five numbers listed below. See if they
ave divisible by 3, first by dividing, then by using your rule,

10101, 216, 76, 99192, 4618

£. Do yvou think your rule for testing divisibility by 3 will always
work?

4. As you have scen, the rules for testing divisibility by 3 and 9
arc aralogous. Cheek to see if there is a similar rule for testing
divisibility by 6. The nuwber 6 seems to be in the same “family”
as 3 and 9, State a rule for testing divisibility by 6 that is anal-
ogous to the rules for testing divisibility by 3 and 9.

a. Check the rule you stated.

b. Do you sce that the rule for {esting divisibility by 6 that is
anatogous to the rules far testing divizibility by 3 and 9 does
rol work? If you think it does, use your rule to test whether
36 and 123 are divisible by 6.

¢. State a rule for testing divi-ibility by G that does work,

5. State rules for testing divisibility by 2, 4, 5, 7, or 8§ that are
analogous to the rules for testing divisibility by 3 and 9. Do
these rules work?

© Summary—7

Thinking by analogy does not guarantee that conclusions you
form will be true, However, thinking by snalogy ix a good way to
discover faets or generalizations that may be (rue.

o Exerclses—7 ¢

Each exercise deseribes a situntion that involves thinking hy
analogy. In cach exereise tell whether you think the people have
ured clear thinking and if the conelusions they formed are likely
ta be true, B you don't think the conelutsions are true, tell why.

ERIC
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1. Maggie is young and good-looking hut
has difficulty making friends at the ski
lodge. On TV she saw an advertisement
showing a young girl, Bonnie, who was Bonnie
good-looking and who was also having trouble making friends
at the ski lodge. Bonnie was told by a friend 1o use “Sweet
Smile’” mouthwash. Sure enough, weeks later Bonnic was being
showered with attention by a very handsome man at the ski
Jodge. Maggie decided that she should use “Sweet Smile” too.

2. Jennifer got high marks in grade school and is also getting high
marks in high school. Louise, Jennifer's younger sister, is getting
about the same marks in grade school that Jennifer did. The
girls’ mother thinks Louise will get high marks in high school.

w

Last December, Mr. Walters sold an average of 8750 warth of
clothing per day. He figures he will average about 8750 per day
in clcthing sales this coming December.

4

Chet told Bill that he has averaged 17.3 miles per gallon with
his 1061 Plymouth V-8 sinee he switehed to “Super Blue'” gaso-
line. Bill, who also has a 1961 Plymouth V-8, has been getting
only 15.8 miles per gallon. But Bill has been u<ing “Uncle Jake's”
economy gasoline. Bill decides to switeh to “Super Blue” gasoline
too.

5. Mrs. Thompson told her hushand, “lLet’s not plan on taking the
children to the Thanks=giving Day parade 1his year. For the past
three vears it has been cold and rainy on Thanksgiving Day,”

o

Toni Taylor, the 1navie star, looks very aitractive in a red dress.
Darlene, who hax Wlack hair and hazel eves, just like Toni
Taylor, thinks she should wear a ved dress. tou.

7. Mr. Arnald Glover is a popular and suecessful professional golfcr.

ERIC
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My, Glover says his success is the result of many hours of practice
as a youngster and cating “Wheatos" for breakfast every day.
Randy would like to become a professional golfer. 8o Randy
decides to «tart cating “Wheatos” for breakfast every day.

‘8 Deciding whether a Statement Is True or False

txea

You have u<ed various ways of forming a generalization. But
none of the ways you used gnaranteed that the generalizations you
formed would be true. An important step in clear thinking is cheek-
ing whether or not a generalization is true. In this section you will
explore ways of doing this.

Cluss Discussion 8a

o decide whether a statement i= true or false, first make sure

you utder~fand the meanings of the words and xymbals that are
uxed in the statement,

1. For which of the following =tatements is it difficult or impnssible
for you to decide whether the statement ix true or false? In
cach case, tell whui ~anses the difficulty,

a, 342 is divisible by 6.

b. If you are patriotic, then you will vote on election day.

¢. He ix the most popular boy in school,

d. The sct of prime numbers lexs than 100 contains 22 numbers,
e. A formula for finding the sin of the first # counting numbers

1=

N =X + 0

-

A superealifragillistie bajolin is an expiallidocious frump.

49
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g. Diiving at a ~peed of 30 miles per hour WARNING!
is dangerous.
The square root of 20 isx not a whole
number.

i. All policemen are brave.

j. Cheating -n examinations is dishonest.
k. All =nigs are wiggs.

I. The measure of every sngle of a pen-

tagon is less than 90°.

m. Butter i= hetter.

n. Mathematics is fun.

h

2. Which statements in exercise 1 were caxy
for vou to judge true or false? Tell how
you would go about making a cheek in
each case.

Closs Discussion  8b

There are various ways of checking the truth of a statement
that deals with a speeific situation.

Suppose that a visitor comes in from outdoos
and says, “It is raining.” .\ convineing way to
check the trnth of the visitor’s statement is to
look out the window ¢ .d make a direct obscreation,
Unfortunately, it ix not always pos=ible to check
the truth of a ~statement diveetly, If there aie no
windows, you might use indireet evidenee, such as
the fact that the visitor is dripping wet. However,
if the visitor kept himsell dry with an umbrella,
you might have to rely on i< reputation for hie-
exty and aceept his word. The method yon usc ta
cheek the tiuth of a ~stotement determines how
sure you can be of yvour deeision.

V. For cach statement, tell what scrt of observation, test, or check
yor would make to decide whether the statement is trae or

falze.
O
ERIC
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a. Bill e;an throw a foothall farther than Wally.

b. The set of all prime numibers less than 50 containg 15 members.
¢. 070 i a perfeet square.

d. Your history texthook has 347 page=.

FEE - -
BOER | FTE | 2P
3 “J = | wIB1E
i1 A
_ : A~ %D
COCTSR” | e
. e. M. Thamas Schneider lives at 147 East 11th ¥., New York

City.
F. A new tennis Dall will bounee more than half {the height from
which it is dropped.

2. Somctimes you can cheek on the teuth of a statement indirectly
by (alking with someone, or by laoking in a book such as a
dictionary or an almanac. Doing this is known as consilting an
authorily. Yor example, if ou want to know whether it is true
that Babe Ruth hit 52 hionwe runsin 1922, you might consult an
oflicial record hook of baseball, For each statement helow, tell
what authority might e consulted to deterinine whether the
statement is true or false.

a. John Adams was the third president of the United States.

b. The correet spelling of the word is “paralell.”

¢. Mt Rainier is 13,271 ft. high.

4. Phitadelphia is the third Lugest ¢ity in the United States,
e. 163 is a prime munher.

. The ame of a twelve-sided polygan is “duodecagon.”

g. Louis XTH was king of 1rance in 1843,

he N sgquare is acrhombus,

i. The eapital of Brazil is Rio de Janeiro,

ERIC
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i. The largest body of fresh water in the world is Lake Superior.

3. Suppose you consulied a book dated 1940 to check on the state-
ments in exereixes 2d and 21, What would your decizions be about

is

by

ot

1

w

b

w

O

the truth of these statements?

Class Discussion

8¢

There is one very important way of deciding whether a statement
is true or false. This is known as the method of dednetive thinking.
The method ix most often used to decide whether a generalization
15 true or falze. However, it can alxo be used to decide if a statement
dealing with a specific situation is true or false. Using the method
of deductive thinking to show that a sfatement is true (or that it

fals¢) is referred to as proving the <tatement.

Doing the excreises helow will help vou understand what is meant

deductive thinking.

Suppose there are 20 ~tudents in your mathe-
matices class, Is the folowing stutement true?
At Teast two students in the mathematices cluss
have hirthdays in the same month.

. Susan lives in Mirneapolis, Ix it true that Susan

livex in the State of Minne~ota?

If you know that George is an ovdinary cat,
docs it follow that Gearge has four legs?

To be a policeman in Lo Angeles a man must
e taller than & feet 6 inches. Mr, Manue!
Figuera is o policenan in Los Angeles. Whi
conelusion follows from these faets<?

Phil's teacher asked this question: “If the
vertex angle of an sosceles triangle measures

VETT
(S
.
Sl
. <~
HERRS
1

802, what ix the measire of a base angle of the triangle?” Phil

answered, “35%7 Do you agree with Phil’s aswer?

ERIC
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6. If Fred is taller than Pete, and
Pete is taller thau Jim, what do
you know about the heights of
I'red and Jim?

Isadore {furned on his radio to
listen (0 the New York Mets base-
ball game. The announcer xaid
“This i* the last half of the ninth
inning and the Mets are batting.”
Ixadore turned to hix father and
said, “It looks like the Mris arve
not ahead.” Was Isadore’s state-
ment true?

~

Fred, Pete, and Jim

w

Can you fom a conclusion about
whether your school s having
classes today if you know that today iz Sunday”?

7 Summory—8e -

In cach exercire abave you were given =ome information and
asked to form a conclusion. You were expeeted to aceept the given
information as trae. In some exercises enough information was
given o that yon were able (o deeide on (he truth of the conclusion
at onee. In others, you had to eall on your memory for additional
information you helieved to be true. Move than Lkely, you did not
write down the information you got fram your memory. In dedue-
tive thinking, a ~tatement (written or unwritten) that is aeeepted
az true for the sake of arguiment i< called an assumiption. A decision
regarding the Gt of a eonclusion must be hased on whatever
assumptions yvou muke.

{ . .
'L tq3, Exercises—8c

1. Jo which excreise in Class Dieussjon Se were vou given all the
information needed to make o decision”? In which exercises did

ERIC

Aruitoxt provided by Eic:
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you necd to call on your memory for additional information
vou believed to be true? What was this information?

Assume all statements given in cach exercise below are true.

State a conclusion for eich exercize that follows from the given

statement=.

a. Jerry can swim farther than Reger. Roger ean swim farther
than Henory,

b. Texas is wesl of the Mississippt River. Charlene lives in

Texas,

Columbus is a city in OQhio. Ohio is in the United States,

All bicds have feathers. A robin is a bird,

Candy bars at the corner drugstore cost 10 cents each. Fritz

has enough wouey to boy 2 candy bars but not enough to

buy 3 candy bars.

An cven number is a number that is divisible by 2. The

number 936 is even.

All snigs are wiggs. Bobby i~ a snig.

If a per=on ix fat, Iie ix bappy. Pranella is fat.

If you uxe Crunch toothpaste, you will have no cavitics.

At uses Cruneh toothpase.

A number ix divisible by 5 only if tue unit's digit i< 0 or 3.

473 ix a number.

|- Sy, )

.—.?‘ﬂ -~

—

In cach exereise below accept the given statement as true. The
conelusion in cach exercize follows from the given statement and
from an additional statement or statements that are understood
to be true. Tell what the additional statement or statentents are.
a. Given: Paint is a horse. >
Conclusion: Paint has four legs. . 4 (7.*:0\
b. Given: If schools are elosed, “ \ v
then the stuuents are happy. .
Conclusion: The students are \ '
happy teday. {
¢. Gi' n: The measuwre of one "i |
angle of a triangle ix 48° and i’ o
the measure of a sceond angle . i
i= H8°,

4
"
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Conclusion: The measure of the third angle of ihe triangle
is 74°.

d. Given: Kay is a student in advanced homemaking,
Conclusion: Kay is required to make three dresses.

e. Given: A dime is a United States coin.
Conclusion: A dime is round.

¢, Given: Triangle ABC is isosccles.
The measure of the vertex angle is 50°,
Conelusion: The measure of each base angle is 65°,

(&

——

— vertex angle

A V4

g. Given: The numbher of diagonals of a cerfain polygon is two.
Conclusion: The polygon has four sidex,

Class Discussion

Are you starting to understand what deductive thinking is? You
are doing deductive thinking if vou base conclusions on statements
that yau accept as true. Il the statements you accept as true make
your conclusions neeessary, then your deducetive thinking is coreet,

Now here is a strange thing which you must try to understand.
It can happen that a concluzion you form is not true even though
the deductive thinking you do is corr~et. This can happen when
you base a vonelusion on a statement that ix not true. So, if yvou
wand your conclusions to be true, you will have (o be doubly vareful.
First, you must be sure that the statements you aceept as true
really are true. Second, you must be sure that your deductive
thinking is corree!.

In cach exercise concentrate on doing correct deduetive thinking.

ERIC
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Aceept cach given statement as frue, even though you may not
believe that it is. Then tell whether the conelusion follows from the
given statements you accepted as true.

1.

2.

3.

4,

5.
6.
7.

8.

ERIC
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Given: Al policemen ave taller than ;
six feet. Bill Thompson ix a ; (,
policeman. \ ZJ
Conclusion: Bill Thompson is over six KMII ’
feet tall, j,.ﬁ»';f‘.‘x
Given: Al giraffes have four feet. All & “!éf ;
antelopes have four feet. 5’ ' /\
Conclusion: All antelopes are giraffes. /J “: N )
Given: I. Have Lotsabucks belongs to . V
the Hi-Ritz Country Club, 1. /B )
Have Lotsabucks ix a wealthy 7 \‘
persoti. iy ) ,
Conclusion: Only wealthy persons be- ™ /7 o

long to the Hi-Ritz Country
Club.,

Given: If you have exactly 17 ceuts in your pocket, then you
have at least four eoins in your poeket. You have fewer
than four coins i+, yvour pocrket,

Conelusion: You do not huve exactly 17 cents in your pocket.

Given: Al prime nwmbers are odd numbers. 2 15 an ceven
number.

Conclusion: 2 is not a prime number.

Given: New York City is in Pennsylvania. Max Hves in New
York City.

Conclusion: Max lives in Pennsylvania,

Given: Il the weather is clear today. we shall have a pienie.
We are not having a pienie today.

Concluston: The weather is not clear today,

Given: I each of two anglesis o right angle, then the two angles
are the same size. The two angles are not right angles,

Conclusion: The two given angles qare not the same size.

<

C.
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9. Given: All snigs are wiggs. You are not a wigg.

Conclusion: You are not a snig.

Given: If T'look at TV for more than an hour, I get a headache.
I have a headache.

Conclusion: 1 was looking at TV for more than an hour.

10

11. Given: If a man nses Cade 007 hair cream, he will he attractive
to girls. Rock Hunter uses Code 007 hair eream.
Conelusion: Rock Hinter is attractive to girls,

12. Given: Tobias Drinkwater is a guitar
player. Tobias Drinkwater
drives a Ford cenvertible.

Conclusion: Some guitar plavers drive
Ford convertibles.

13. Given: 8ame high school boys wear
long hair and blue jeans.
Randy Rucksack is a high T :
=chaol student. a Ly
Conelusion: Randy Rucksack wears ‘ i ‘J" )
long hair and Llue jeans. o % O

14, Given® All blondes have fun. Prizon- C

ors don't have fun. Randy Rucksock
Conelusion : Prisoners are not blondes.

15. a. Some conclusions in exercizes 1-14 are really false even
though they follow from the given statements. For each
of these, tell why the conclusion is false.

b. Sfome of the conelusions above are hard to judge true or
false. For cach of these, tell what causes the difficulty.

16. Do you think it is possible for true conclusions to follow from

false axsumptions? Give an example.

EE £ Summary—8d }f%gs
LA - % BEWRFCES L ot b £

To obtain true conclusions when doing deduetive thinking two
things are neces=ary. Fir=t of all, the statements on which yvou hase

o7
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your conclusions must he true. Qecond, you must use the method

of deductive thinking correctly.

¢
1

§ NExordrA.ju—‘-:lﬁc!“

IS

1. Draw a pair of intersecting lines AB and CD. 1,abel the point of
jntersection k.

D

A

¢

2. Angles like AFD and BEC ave ealled opposite anglos. Use @
protractor 1o find the measures of angles AED and REC. How
do the 1wo measures compare?
3. Find the measures of angles AEC and BED. How do the twoe
measurcs compare?
4, u. Draw another pair of intersceting lines. Find the measutes of
one pair of opposite angles. How do the mearures compate?
b. ¥ind the measures of the other pair of oppesite angles. 1ow
do these two messures compare?
5, State n g(‘uvr;\\im\'mn Sbout (e measures of a pair of opposite
angles formed hy two sntersecting lines.

(o4
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6. Do your results suggest that the measures of a pair of opposite
anglex fornaed by two intersceting lines are equal? To prove
{his is true you need to uxe the method of deductive thinking.

b

<

e.

f

o9

I exercize 3 on pages 47- 48 you probably decided that the
sum of the measuves of a linear pair of angles is 180°, Assume
this is true.

Why is it trae that the sum of the mneasures of angles AKD
and BED ix 180°7

Why is it true that the sum of the measures of angles CER
and BED 1< 180°?

. ‘Think albout =ubtracting the measure of angle BED from

180°. Will the result he the measure of angle AED? Wiil the
result also be the measure of angle CEB?

Ix the measure of angle AED equal to the measure of angle
CrEB?

Does the thinking you did in exereizes 6a-6e prove that the
measures of a pair of opposite angles formed by two inter-
seeting lines wre equal?
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This unit was written to help you learn how to form useful con-
clusions by doing elear thinking. Opportunity was provided for you
to examine various niethods of wrriving at conelusions and of de-
ciding whether conclusions were true, In this eonnection you saw
how faulty thinking c¢an lead o false conelusions, Far example,
using words that mcan different things 1o different people ean lead
to false conclusions. Making haxty obzervations, “jumping to con-
clusions,” and deing incorreet deduetive thinking can also lead to
false conclusions.

Inductive thinking i~ a method of thinking by which you can
arrive at generalizations. The method mvolves observing specifie
eases, finding a pattern in the casex ob=erved, and making a guess
that the pattern will be the same in all cases that are similm to
those obscrved.

Thinking by analogy means eoncluding that (wo speeific eaxes
that are alike in some ways may be alike in other ways,

A conelusion reached either by induetive thinking or thinking
by analogy should be checked 1o xee if it ix true or false,

Rpecifie conclusions may he chiecked by making observations,
doing experiments, consulting wuthority, or by deduetive thinking,
The truth of a generalization ix harder to cheek. 1§ a1 generalization
holds in case after ease, you may “feed’” convineed that it i< 1rue.
But to he sure that it ix true, you need to know in some way why
it ix true. Using the method of deductive thinking is the usual way
of determining this. A person who uses the method of deduetive
thinking begins with accepted statements which are known to he
true and forms a eonclusion that follows from for is hased on) the
accepted statements.

As you cead newspapers and aagazines, wateh television, or
simply talk with people, you will find both correet thinking and
faulty thinking being used o support conefusions. Thi= unit shoulkd
help you think correctly in arriving at conelusions, both in mathe-
maties and in daily Jife situations,

6O
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This set of exercises coneerns many of the ideas and techniques
that you studied in this unit.

1. Incexercise 4 on page 32 you should have arrived at the conclusion
thut the =um of the measures of the angles of a triangle is 180°.
Assume this is trmie. Then use the inductive thinking method -
to find the xum of the measures of the angles of polygons with
more than three sides. Begin by considering the polygons shown
below.

/ e -
/ N 3 LT \

—— o

Octagon

61
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o. Draw two quadrilaterals; {two pentagons; two hexagons; two
heptagons; two octagons. The two polygons in cach pair
should have difierent shapes. Make vour drawings large
enough so that you can measure the angles in each figure
with a protractor. ‘
Measure cach angle in cach of the ten polygons. Find the
sumn of the measures of the angles in cach polygon.

¢. Copy and complete the table below.

b

Polygon Number of Sides Sum of the Angle
Meosures
-
Quodrilaterol ] 4
Quodrilaterol n 4
Pentagen 1
Pentagen n
M:xagen ]
Hexagon 1
Heplogen ]
Heplaogon [}
Octagon ]
Oclagen I

d. The swin of the measures of the angles for cach pair of poly-
gons should he the same. What do you think the sum is for
cach pair?
Do you sce a pattern in your results? If so, state a rule for
the pattern. Or better yet, write a formula for the pattern.
Use the rule you stated to predict what the sant of the
meastres of the angles of a nine-sided polygon should be.
Check your prediction by drawing o nine-sided polygon and
measuring the angles.
g. Do the measuremaents you made prove that your rule is cor-
recet? Do you believe that your rule is correet?
If you followed instructions thus far, you xhould have arrived
at a generalization that you belicre to be true. To proie hevond
a shadow of a doubt that it ix true, you need to use the method
of deduetive thinking.

@

a. Make a copy of each polygon shown in exercise 1. In cach
polygon choose one vertex and dabel it A

c.

[

-
ol
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=
:

65
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From vertex 4, draw a: many different diagonals as vou can.
By drawing as many different diagonals as you can from one
vertex, any polygon can be divided into triangles. For ex-
ample, in the pentagon, exactly two different diagonals ean
be drawn from one vertex, and there are three triangles, Copy
and complete the table helow.

Numbu Pi;mber_of DIG;;;!O“ o o ﬁumﬁe.v- of T
of Sides hnm Verlex A Triangles Farmed

Use the table above to describe the relationship between the
number of sides of a polygon and the number of trinngles
formed by drawing as many different diagonals from one
ver{ex as you can,

Do you see that the angles of a polygon are made up of all
the angles of all the triangles in a polygon?

Assume it is true that the sum of the measures of the angles

of a triangle is 180°, What do you think the sum of the mea-
sures of the angles of a quadrilateral should be? Why do you
think ~0?

. What do you think the sum of the measures of the angles

of a pentagon shiould be? Why do vou think s0?
What do vou think the sum of the measures of the angles of
a hexagon should be? Of a heptagon? Of an oetagon?

. In a polygon with twelve sidex, how many dingonals can be

drawn from a single vertex? How many triangles would be
formed i tlicse diagonals were drawn? What do you think
the sum of the measures of the angles of a twelve-sided poly-
gon should he? Why do you think =o?

. Repeat the Iast exercize for a polygon with 20 sides: 50 sides;

1,000 sides; n sides.



